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On the Equilibrium Shape of Erythrocytes 
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It is shown that the model proposed by Canham quantitatively describes the observed biconcave 
shape of human erythrocytes. 
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The first quantitative data on the biconcave shape of 
erythrocytes were obtained by Ponder in 1930 [H- In 
1972, Canham showed in [2] that such a shape can be 
obtained as a result of minimization of energy, 

A J H^dS, ( 1 ) 


of an erythrocyte are very small as compared to ratio 
AjB). For this reason, we omit the relevant contribution 
(2). We set the modulus of A, which is positive in accor¬ 
dance with the stability condition, equal to unity. Taking 
into account the constancy of the volume and surface area 
and using the method of Lagrangian multipliers, we have 
the variational problem 


where H is the average curvature of the membrane 
bounding an erythrocyte for a given volume V and sur¬ 
face area S. In 1976, Deuling and Helfrish Q proposed 
that energy (1) be supplemented with a linear (in curva¬ 
ture) term, 

B J HdS, ( 2 ) 

occurring due to the difference between the media in¬ 
side and outside an erythrocyte. Later, this theory was 
complicated when the authors tried to take into account 
nonlocal interaction between membranes and the shear 
elasticity of membranes and cytoskeleton in an erythro¬ 
cyte (see, for example, i)- As a result, the number of 
material parameters introduced for describing the shape 
of erythrocytes became too large. 

In our opinion, the simplest model (1) was rejected 
due to inappropriate comparison of the theory with ex¬ 
perimental data. In this comparison, so-called modified 
Cassini ovals were used, which are parametrized by three 
constants. For a fixed volume and surface area, only one 
parameter specifying the shape is left. This is admissi¬ 
ble for demonstration purposes, but is insufficient for a 
substantiated conclusion about the applicability of the 
theory. In addition, in view of the nonlinearity of the 
equilibrium equation, it is meaningless to compare the 
theory with a certain average shape for an erythrocyte 
group [5] when the spread of parameters in the group is 
significant (up to 20%). 

In this communication, we focus on the fact that the 
Canham model [2] describes the observed shape quanti¬ 
tatively without any fitting parameters. 

The variational problem discussed here has been com¬ 
prehensively studied [6]. However, since an analytic so¬ 
lution is not available, numerical integration should be 
carried out for comparison with experimental data. 

The result shows that it is impossible to single out the 
effect of spontaneous curvature in view of experimental 
errors (this obviously means that the characteristic sizes 


H^ds- X^V - XsS \ =0. 


( 3 ) 


The Lagrangian multipliers Xy, As have the following 
physical meaning [3]: Ai, - is the difference between exter¬ 
nal and internal pressures and As - is the surface tension 
of the membrane. Both these parameters are small in 
view of the smallness of the effects of curvature (1) for 
macroscopic sizes of erythrocytes noticeably exceeding 
molecular size; the values of these parameters are chosen 
so that the observed volume and surface area are ensured. 

The axisymmetric shape is set by the function 
2 = f{r)', in this case, the average curvature is given by 
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where a prime indicates differentiation with respect to 
radius r. Then problem (3) is reduced to the problem 


h = 1(^L=)' 


( 5 ) 


The corresponding variational equation has the first 
integral 

r[h./TTr)' r{h^_x.)f Xy , 

(1 + j/2)3/2 2^^ 

Function / has no singularity at r = 0 only if integra¬ 
tion constant C vanishes. Further integration was car¬ 
ried out numerically by the shooting method. We started 
from the neighborhood of the maximal radius (which was 
chosen as the unit of length), where / oc and 

tried to ensure the condition /' = 0 for r —0. 

Let us introduce the parameters of length, speci¬ 
fying the volume V = (47r/3)i?^ and the surface area 
S = The problem under investigation is mean¬ 

ingful if the reduced volume parameter v = {Ry/Rg)^ is 
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FIG. 1. Result of comparison of the theoretical shape for 
V = 0.610 with the data obtained by Ponder [1] for four very 
close (in size) erythrocytes of human blood. 


smaller than unity. In accordance with the results of gen¬ 
eral analysis, the biconcave shape corresponds to the ab¬ 
solute minimum of energy (1) in a narrow interval of the 
reduced volume: 0.592 <v < 0.651 (see Fig. 9). Ery¬ 
throcytes are precisely in this interval (see figure). 

Thus, the Canham model provides a quantitative de¬ 
scription of the biconcave shape of an erythrocyte, and 


only very sound experimental arguments are required for 
the rejection of this remarkable theory. It should be 
noted that the cup-shaped form of erythrocytes, an alter¬ 
native to the biconcave shape, is also obtained @ when 
the problem under investigation is solved disregarding 
spontaneous curvature for v < 0.592. However, we are not 
aware of experimental data suitable for rigorous compar¬ 
ison with the theory, since shapes distorted by thermal 
fluctuations are usually observed. 
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